Most papers studying loan guarantee are under a one-borrower and one-guarantor framework. This study uses the option approach to construct models in which loan guarantees are analyzed under a multiple-borrower and one-guarantor framework and under a one-borrower and multiple-guarantor structure with stochastic interest rates. We carry out simulations to investigate how the important parameters of borrowers and guarantors affect the values and default probability of loan guarantees. Our results show that the correlation parameters play a critical role in determining the premiums of loan guarantee portfolios and joint loan guarantees.
Introduction
Financial guarantee insurance is a commitment by a third party to make payment in the event of default on a financial contract. Usually, a bank, an insurance company, and/or different levels of government stand as third party. Financial guarantee insurance as such has become increasingly widespread with the development of securitization of various types of loans and the growth of off-balance-sheet guarantees by commercial banks, insurance companies and government agencies. Since financial guarantees are popular in the world, it has become an important issue that researchers develop models to estimate the fair values of guarantee contracts. Merton (1977) first illustrates that a loan guarantee is analogous to that of a put option and derives a closed-form solution to estimate the values of deposit insurance guarantees. Jones and Mason (1980) construct valuation models of loan guarantees with a riskless guarantor. Their simulation results show that the value of a loan guarantee rises, as the risk represented by the variance of return on the borrowing firm's assets increases. Chen, Chen, and Sears (1986) develop a model to examine the effects of loan guarantees on the outstanding debts of Chrysler. Johnson and Stulz (1987) derive a formula for calculating the value of an insured, risky discount bond with default risk. Selby, Franks, and Karki (1988) use the Geske (1979) compound option approach to value the loan guarantee provided by the British government to International Computer Limited and compare the size and direction of the consequent wealth transfer to and from bondholders. Merton and Bodie (1992) show the purchase of any loan, whether or not the guarantees are explicit, is equivalent to purchasing a pure default-free loan and the simultaneous issue of a guarantee on that loan. Lai (1992) constructs a discrete-time model to analyze vulnerable loan guarantees under different conditions of debt subordination. Lai and Gendron (1994) extend to value private financial guarantees under stochastic interest rates. Lai and Yu (1999) compute the values of the guaranteed and unguaranteed subordinated loan and compare the accurate results obtained by numerical integration techniques with those approximated from the closedform formula. More recently, Dermine and Lajeri (2001) introduce lending risk explicitly in the literature on market-based estimation of deposit insurance premium.
All of the above-mentioned literature constructs models that value loan guarantee contracts under a one-borrower and one-guarantor framework. However, many real world cases for loan guarantees are one-borrower and multiple-guarantor, or multiple-borrower and oneguarantor. For example, one financial institution acts as the guarantor for several loans of different firms at the same time, or a large firm with a huge amount of loans seeks several banks or insurance companies as its guarantor at the same time. For these cases, the models existing in the literature cannot directly be used to estimate the loan guarantee values.
The contributions of this paper are twofold. First, we construct a model in which a loan guarantee is analyzed under a one-borrower and multiple-guarantor framework with stochastic interest rates. Second, we analyze a loan guarantee under a multiple-borrower and one-guarantor structure with stochastic interest rates. We carry out simulations to investigate how the important parameters of borrowers and guarantors affect the values and default probability of guarantee contracts in both cases. Hence, our paper fills in the existing gap in the literature and provides solutions for valuing the loan guarantee for a general framework.
The article continues with Section 2 constructing a model, which estimates the value of loan guarantees for the case of multiple-guarantees and one-guarantor with stochastic interest rates. Section 3 follows the analysis of Section 2 to develop a model for estimating the value of loan guarantees for the case of one-guarantee and multiple-guarantor. Section 4 carries out simulations to investigate how the important parameters of guarantees and guarantor affect the values and default probability of guarantee contracts in both cases. Section 5 draws forth conclusions.
The model for loan guarantee portfolio
In this section, we construct a model to estimate the values of loan guarantees for the case of multiple-borrower and one-guarantor with stochastic interest rates. In the subsequent context, we adopt the following assumptions:
• The capital market is perfectly competitive with no transaction costs, no taxes, and equal access to information for all investors with symmetric information.
• No dividend and coupon payments. There are no payouts from either the firms of borrowers or their guarantor to shareholders and bondholder before the maturity date of the discount bond.
• The borrowers' asset values and the guarantor's asset value are multivariate lognormally distributed.
• We ignore all potential agency problems inherent to financial contracting.
• No-arbitrage opportunity exists. All securities with identical payoffs sell at the same price.
Let W(T) and H denote the end-of-period asset value and the senior debt value of the guarantor firm, respectively. Assume that there are n borrowing firms (guarantees).
, and F i (i = 1, 2, . . ., n) represent the end-of-period asset value, the senior debt value, the equity value, and the junior guaranteed debt face value of the borrowing firm i, respectively. We can use a simple T account to present the capital structure of the i borrowing firm and the guarantor as follows:
At maturity date, T, if the residual value of the end-of-period asset after payments of senior debt is less than the face value of its corresponding junior guaranteed debt, then the borrowing firm is bankrupt. The shortage for paying the guaranteed debt face value is compensated by the guarantor in the amount of the guarantor's asset value minus its senior debt value. Hence, to own the junior guaranteed debt of borrowing firms is similar to holding the subordinated debt of the guarantor. Assume that the owners of the borrowing firm i (i = 1, 2, . . ., n) have equal protection from the guarantor. When the guarantor's end-of-period asset value after payment of senior debt is less than the shortage between the residual value of the borrowing firms' asset values after paying their senior debts and their debt face value, the guarantor is bankrupt. In such a case, the guarantor can only proportionally compensate the holders of junior guaranteed bonds of the borrowing firms. Based on the above setting, the total shortage between the residual value of all borrowing firms' asset values after paying their senior debts and their junior guaranteed debt face values is
where α j is the protected proportion of the insured bonds of borrowing firm j. It is straightforward to show that the proportionally compensated value from the guarantor for the holders of junior guaranteed bond of borrowing firm i
Therefore, the payoffs B gi for the owners of junior guaranteed debt of borrowing firm i, at time T, can be expressed as follows:
It should be noted that if the borrowing firm i is not bankrupt, the compensated value R i (T) is zero. We construct an artificial asset, Q i , with the value as follows:
We then have
where Put(Q i (T ), F i , T ) is the time T value of the European put option with strike price F i and underlying asset price Q i (T). The holders of the debts without guarantee of borrowing firm i at maturity date T have the payoffs, B i (T), with the value as follows:
Since the guaranteed value of a loan with a risky guarantor equals the value of loan without guarantee minus the value of a loan with guarantee, the value of guarantee G i at time T for borrowing firm i can be simply expressed as follows:
The third equality in the above equation comes from the fact that min(a, b) = b − max(a − b, 0). Discounting and taking expectation of Eq. (5), we have the formula for calculating the value of loan guarantee for borrowing firm i, that is
Apart from calculating the value of loan guarantee for borrowing firm i, we are also interested in how to compute the probability of default for the risky guarantor. The economic condition for the risky guarantor to default is when the guarantor's end-of-period asset value after payment of senior debt is less than the shortage between the residual value of the borrowing firms' asset values after payment of their senior debts and their junior guaranteed debt's face value. The condition of default for the risky guarantor can be defined as follows:
Based on Eq. (7), one can calculate the probability of default for the risky guarantor by simulations. We will illustrate how to calculate this probability through the Monte-Carlo simulation in Section 4.
The model for joint guarantees for loans
In this section, we construct a model to estimate the values of loan guarantees for the case of one-borrower and multiple-guarantor with stochastic interest rates. The assumptions made in the previous section are still valid in the following context. Assume that there are m guarantors for the loans of one borrowing firm. Let W j (T ) (j = 1, 2, . . . , m) and H j (T ) (j = 1, 2, . . . , m) denote the end-of-period asset value and the senior debt value of the j guarantor, respectively. Since there is only one borrowing firm in this case, we let V(T), D(T), and F denote the end-of-period asset value, senior debt value, and insured junior debt face value of the borrowing firm, respectively. In the case of V(T) − D(T) < F, the borrowing firm is bankrupt and guarantors must share equally for the shortage value between V − D and F. However, if some of the guarantors are also bankrupt at the same time, other guarantors have to share their losses.
Based on the above structure, we recognize that the end-of-period cost (C j (T)) (or the value of loan guarantee provided by guarantor j) for guarantor j includes two parts. One is its own share of cost (S j (T)) for the loan guarantee of the borrowing firm. The other is the extra share of cost (U j (T)) belonging to the bankrupt guarantors. Its own share (S j (T)) of the j guarantor for the loan guarantee can be expressed as follows:
Another expression for S j (T) is
It follows that
The extra share of cost (U j (T)) for guarantor j is as following.
where l is the number of the bankrupt guarantor (not including guarantor j), that is
Hence, the end-of-period cost (C j (T)) for the j guarantor can be obtained by following equation.
We are also interested in how to compute the default probability for the joint guarantee contract. The economic condition for the joint guarantee contract to default is when the guarantors' end-of-period asset values after payment of senior debts are less than the shortage between the residual value of the borrowing firm's asset value after payment of senior debt and its junior guaranteed debt face value. The condition of default for the joint guarantee contract can be defined as follows:
Based on Eq. (12), we can directly calculate the default probability for the joint guarantee contract by simulations.
Numerical methods
Based on the model setting given in Sections 2 and 3, it is difficult, if not impossible, to obtain closed-form solutions for the values of loan guarantees. Hence, we employ Monte Carlo simulations to estimate the values of loan guarantees. The Monte Carlo simulation procedure for derivative pricing can be briefly described as follows: first, simulate sample paths for the underlying variables; second, compute its corresponding derivative payoff for each path; and finally, average the simulated payoffs and discount the average to yield the derivative price.
For the case of multiple-borrower and one-guarantor, we assume that the asset values of borrowing firms and the guarantor follow a geometric Brownian motion as given in Eq. (12).
where µ W (µ V i ) is the drift rate of the asset return of guarantor (borrower i), and σ W (σ V i ) is the instantaneous volatility of the asset return of guarantor (borrower i), respectively. Additionally, ε W and ε V i are standard normal random variables, and the correlation among them is ρ V i ,W . For the case of one-borrower and multiple-guarantor, we also similarly assume that the asset values of borrowing firms and the guarantor follow a geometric Brownian motion as given in Eq. (13).
dV
The notations in Eq. (13) are similar to those in Eq. (12). Since we consider stochastic interest rate environments, we employ the Cox, Ingersoll, and Ross (1985) model to describe the dynamic process of interest rates. We express the interest rate process as follows:
where a and b are the speed of mean reversion and the average long-term rate, respectively. This model incorporates mean reversion where the short rate is pulled to a level b at a rate of a. Furthermore, let ρ r,W and ρ r,V i denote the correlation coefficient between interest rate and the asset value of the guarantor, and the correlation coefficient between interest rate and the asset value of borrowing firm i. We describe the process of generating random variables in Appendix A. The process presented in the appendix is general enough to pricing a derivative whose payoff depends on n variables.
Numerical results
We conduct experiments to investigate how the important parameters of borrowers and guarantors affect the values and default probability of loan guarantees for both cases of loan guarantee portfolios and joint guarantees. Most of the parameter settings in this paper Table 1 Results of comparative static analysis for loan guarantee portfolio
are based on Lai and Gendron (1994) . The initial guarantor firm value (W(0)) is chosen as 3.5 (million), the volatility of guarantor firm (σ W ) value is 10%, and the value of guarantor senior debt (H) is 2 million. We set the initial firm value of borrower i (V i (0)) at 2.1 million, the volatility of the firm's value of borrower i (σ V i ) at 20%, the value of borrower i's senior debt at 1 million, and the face value of insured debts of borrower i (f i ) at 1 million. The coefficients of correlation between a risky guarantor's firm value and the borrower (i) firm value are ρ W,V i = 0.3 and ρ V j ,V i = 0.3, respectively. Additionally, the coefficients of correlation between risky guarantor firm value, the value of borrowing firm (i), and the interest rate are ρ W,r = 0.3 and ρ V,r = 0.3, respectively. 1 We also set other interest rate parameters as follows: σ r = 0.08544, a = 4.2753, and b = 0.08. 2 In the following analysis, we use 50,000 simulation runs 3 to calculate the values and default probability of loan guarantees.
Results of loan guarantee portfolio
For compactness, we report only those results for how changes in the covariance matrix, the values of guarantor and borrowers' senior debts, and the value of borrower's insured debt affect the value and default probability of loan guarantees under stochastic interest rates. 4 Additionally, to simplify the analysis, we use the case of two borrowers and one guarantor 5 as an example to carry out simulations. From our numerical examples, we have the following signs for comparative static analysis.
In Table 1 , P, G 1 , and G 2 stand for the default probability, the value of loan guarantee for borrowing firm one and the value of loan guarantee for borrowing firm two with stochastic interest rates, respectively. Like financial options, the loan guarantee values increase with the volatility of state variable. Additionally, the default probability also increases with the volatility of state variables, since increases in the volatility of the state variable will amplify the risks of the loan guarantee contracts.
We will first investigate the effects of changes in the correlation coefficient between the guarantor's firm value and the value of borrowing firm two (ρ W,V 2 ) on the loan guarantee value and default probability. From Fig. 1 , we find that the higher ρ W,V 2 , the smaller is the Fig. 1 . The effects of a change in ρ W,V 2 on the value of loan guarantee portfolio and default probability. G 1 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm one, G 2 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm two, and P denotes the default probability of the loan guarantee contract, respectively. loan guarantee value and the higher the default probability is. The reason for this result is that the higher ρ W,V 2 is, the smaller is the risk diversification. Hence, when the correlation coefficient between the guarantor's firm value and the value of borrowing firm two increases, the loan guarantee values decrease and the default probability increases. Fig. 2 . The effects of a change in ρ V 1 ,V 2 on the value of loan guarantee portfolio and default probability. G 1 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm one, G 2 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm two, and P denotes the default probability of the loan guarantee contract, respectively. Fig. 3 . The effects of a change in ρ W,r on the loan guarantee portfolio value and default probability. G 1 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm one, G 2 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm two, and P denotes the default probability of loan guarantee contract, respectively.
Additionally, as reported in Fig. 2 , the loan guarantee values decrease when the correlation coefficient between borrowing firm one's value and borrowing firms two's value increases. Furthermore, the default probability also increases when ρ V 1 ,V 2 increases. The reason for the result is the same as that in Fig. 1 .
Other important factors which could significantly affect the loan guarantee value are the correlation coefficient between the guarantor's firm value and the interest rate (ρ W,r ), and the correlation coefficient between the borrowing firm value and interest rate (ρ V i ,r ). As reported in Fig. 3 , the higher the correlation coefficient is between the guarantor's firm value and the interest rate, the smaller is the loan guarantee value, and the higher is the default probability. The explanation for this result is that the growth rates of asset returns for a guarantor and borrowing firms are equal to the riskless interest rate in the risk-neutral world. Hence, the effect of an increase in the correlation coefficient between the guarantor's firm value and the interest rate is similar to the effect of an increase in the correlation coefficient between the guarantor's firm value and the borrowing firm's value.
We also find that the higher the correlation coefficient is between borrowing firm two's value and the interest rate, the smaller is the loan guarantee value for borrowing firm one, the higher is the loan guarantee value for borrowing firm two, and the higher is the default probability. The possible reason is that a higher ρ V 2 ,r means a larger amount of bankruptcy for borrowing firms. If the guarantor does not default, then the compensation for borrowing firm two will increase, and hence will increase the loan guarantee value for borrowing firm two. In contrast, the loan guarantee value for borrowing firm one will decrease due to the crowding out effect. Fig. 4 . The effects of a change in ρ V 2 ,r on the loan guarantee portfolio value and default probability. G 1 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm one, G 2 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm two, and P denotes the default probability of loan guarantee contract, respectively.
The amount of the guarantor's senior debts is also an important factor, which affects the values of loan guarantee contracts. Figs. 4 and 5 illustrate that the larger the guarantor's senior debts are, the smaller is the loan guarantee value and the higher is the default probability. We know that the compensation amount for the guarantees is equal to the difference Fig. 5 . The effects of a change in H on the loan guarantee portfolio value and default probability. G 1 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm one, G 2 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm two, and P denotes the default probability of loan guarantee contract, respectively. Fig. 6 . The effects of a change in D 2 on the loan guarantee portfolio value and default probability. G 1 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm one, G 2 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm two, and P denotes the default probability of loan guarantee contract, respectively. between the guarantor's firm value and its senior debt values. Hence, other things being equal, the larger the guarantor's senior debts are, the smaller is the compensation for the guarantees and the higher is the default probability. This result is reasonable and intuitive.
Other factors which could affect the value of loan guarantee contracts are the amounts of borrowing firm two's senior debts and its guaranteed debts. Fig. 6 shows that the larger the amount is of borrowing firm two's senior debts, the larger is the value of loan guarantee for borrowing firm two, and the smaller is the value of loan guarantee for borrowing firm one. This result is quite intuitional. When the amount of borrowing firm two's senior debts becomes larger, borrowing firm two is more likely to become bankrupt. Therefore, the loan guarantee contract becomes more valuable for borrowing firm two. In contrast, other things being equal, the value of loan guarantee for borrowing firm one will be smaller. Furthermore, the larger the amount of borrowing firm two's senior debts is, the higher the default probability is. Fig. 7 demonstrates additionally that the larger the amount is of borrowing firm two's guaranteed debts, the larger is the value of loan guarantee for borrowing firm two, the smaller is the value of loan guarantee for borrowing firm one, and the higher is the default probability. The reason for these results is similar to that of Fig. 6 .
Results of joint loan guarantees
As mentioned earlier, it is very common for a large firm with huge amount of loans to seek several banks or insurance companies as its guarantor at the same time. In this subsection, we investigate how important factors affect the value of joint loan guarantees with stochastic interest rates according to the models constructed in Section 3. Fig. 7 . The effects of a change in F 2 on the loan guarantee portfolio value and default probability. G 1 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm one, G 2 represents the loan guarantee value (in terms of millions of dollars) for borrowing firm two, and P denotes the default probability of loan guarantee contract, respectively.
We first examine the effects of changes in the correlation coefficient between the firm value of guarantor one and that of guarantor two (ρ W 1 ,W 2 ) on the loan guarantee cost shared by each guarantor (or the corresponding loan guarantee value provided by each guarantor) and the default probability from each guarantor. As reported in Fig. 8 , we find that the Fig. 8 . The effects of a change in ρ W 1 ,W 2 on the joint loan guarantee value and default probability. C 1 represents the loan guarantee value (in terms of millions of dollars) provided by guarantor one, C 2 represents the loan guarantee value provided by guarantor two, and P denotes the default probability of loan guarantee contract, respectively. Fig. 9 . The effects of a change in ρ W 2 ,V on the joint loan guarantee value and default probability. C 1 represents the loan guarantee value (in terms of millions of dollars) provided by guarantor one, C 2 represents the loan guarantee value (in terms of millions of dollars) provided by guarantor two, and P denotes the default probability of loan guarantee contract, respectively.
higher ρ W 1 ,W 2 is, the smaller is the loan guarantee cost shared by each guarantor and the higher is the default probability. The reason for this result is that the higher ρ W 1 ,W 2 is, the smaller is the function of risk protection from each guarantor. Hence, the loan guarantee values provided by each guarantor decrease and the default probability increases as the correlation coefficient between the firm value of guarantor one and that of guarantor two increases. Additionally, as shown in Fig. 9 , when the correlation coefficient between the firm value of guarantee and the firm value of guarantor two (ρ V,W 2 ) increase, the loan guarantee value provided by guarantor two decreases, whereas the loan guarantee value provided by guarantor one increase. Furthermore, the default probability also increases when ρ W,V 2 increases. The reason for these results are similar to those of Fig. 8 .
Other potential factors which could significantly affect the loan guarantee values are the correlation coefficient between the firm value of guarantors and the interest rate (ρ W i ,r ), and the correlation coefficient between the borrowing firm value and interest rate (ρ V,r ). As reported in Fig. 10 , the higher the correlation coefficient is between the firm value of guarantee and the interest rate, the larger is the loan guarantee values, and the higher is the default probability. This result can be explained by Eq. (15). As Eq. (15) shows, the probability of the random term σ r √ r dZ becoming negative will also increase, when the random term σ W V ε V √ dt is negative and causes the guarantee to bankrupt. In this case, the drift term σ W V ε V √ dt will also decrease, and hence the amounts of bankruptcy for the guarantee increase. Therefore, the loan guarantee cost shared by each guarantor will increase. We also find that the higher the correlation coefficient is between guarantor two's value and interest rate, the smaller is the loan guarantee value provided by each guarantor, and the higher is the default probability. The reason for this result is similar to that of Figs. 10 and 11. Fig. 10 . The effects of a change in ρ V,r on the joint loan guarantee value and default probability. C 1 represents the loan guarantee value (in terms of millions of dollars) provided by guarantor one, C 2 represents the loan guarantee value (in terms of millions of dollars) provided by guarantor two, and P denotes the default probability of loan guarantee contract, respectively. Fig. 11 . The effects of a change in ρ W 2 ,r on the joint loan guarantee value and default probability. C 1 represents the loan guarantee value (in terms of millions of dollars) provided by guarantor one, C 2 represents the loan guarantee value (in terms of millions of dollars) provided by guarantor two, and P denotes the default probability of loan guarantee contract, respectively. Fig. 12 . The effects of a change in D on the joint loan guarantee value and default probability. C 1 represents the loan guarantee value (in terms of millions of dollars) provided by guarantor one, C 2 represents the loan guarantee value (in terms of millions of dollars) provided by guarantor two, and P denotes the default probability of loan guarantee contract, respectively.
Figs. 12 and 13 demonstrate that as the amounts of guarantee's debt (no matter junior or senior debt) increase, the loan guarantee values provided by each guarantor increase, and the default probability will increase. This result is very intuitive. The risk magnitude of guarantee will increase when the amounts of the guarantee's debt increase. Hence, Fig. 13 . The effects of a change in F on the joint loan guarantee value and default probability. C 1 represents the loan guarantee value (in terms of millions of dollars) provided by guarantor one, C 2 represents the loan guarantee value (in terms of millions of dollars) provided by guarantor two, and P denotes the default probability of loan guarantee contract, respectively.
Fig. 14. The effects of a change in H 2 on the joint loan guarantee value and default probability. C 1 represents the loan guarantee value (in terms of millions of dollars) provided by guarantor one, C 2 represents the loan guarantee value (in terms of millions of dollars) provided by guarantor two, and P denotes the default probability of loan guarantee contract, respectively. the loan guarantee values provided by each guarantor and the default probability will increase.
As reported in Fig. 14 , the higher the amount is of guarantor two's senior debt, the smaller is the guarantee value provided by guarantor two, the larger is the guarantee value provided by guarantor one, and the higher is the default probability. The reason can be explained as follows. The compensation amount for the guarantees is equal to the difference between the guarantor's firm value and its senior debt values. Hence, other things being equal, the larger the guarantor's senior debts are, the smaller is the compensation for the guarantees and the higher is the default probability.
Conclusions
Many real world cases for loan guarantees are one-guarantee and multiple-guarantor, or multiple-guarantee and one-guarantor. For these cases, the models existing in the literature cannot directly be used to estimate the loan guarantee values. In this paper, we construct models which can estimate the loan guarantee values under one-guarantee and multipleguarantors, or multiple-guarantees and one-guarantor with stochastic interest rates. Hence, our paper fills in the existing gap in the literature and provides solutions for valuing the loan guarantee for a general framework.
From the simulation results, we find that the correlation coefficients such as ρ W,V 2 , ρ V 1 ,V 2 , ρ r,W , ρ r,V 2 , etc. play important roles in the valuation of a loan guarantee con-tract. We also find that the amounts of junior debt or senior debt of guarantees or guarantor will significantly affect the value and default probability of loan guarantee contracts.
multiple-borrowers and one-guarantor, the correlation matrix is given as Eq. (A.1). where I is an identical matrix. Using Eq. (A.3), we can easily generate random variables from a multivariate independent standard normal distribution.
